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SCHRODINGER TYPE OPERATORS ON GENERALIZED MORREY SPACES 

PENGTAO LI, XIN WAN, AND CHUANGYUAN ZHANG 


Abstract. In this paper we introduce a class of generalized Morrey spaces associated with Schrodinger 
operator L = -A + V. Via a pointwise estimate, we obtain the boundedness of the operators 
and their dual operators on these Morrey spaces. 
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1. Introduction 

The investigation of Schrodinger operators on the Euclidean space R” with nonnegative potentials 
which belong to the reverse Holder class has attracted attention of many authors. Shen ifT^ studied the 
Schrodinger operator L = -A + V, assuming the nonnegative potential V belongs to the reverse Holder 
class Bq,q > |. In ifT^ . Shen proved the -boundedness of the operators (-A -i- V^(-A -i- 

V(-A -I- and V(-A -i- Y)“'V. For further information, we refer the reader to Guo-Li-Peng Q, Liu 

Iflbll . Liu-Huang-Dong |[T2]| . Liu-Wang-Dong (131, Tang-Dong (191 . Yang-Yang-Zhou (2011211 and the 
references therein. 

The puipose of this paper is to generalize the results of Shen (T^ and Sugano (TSl to a class of 
Morrey spaces associated with L, denoted by L^’g^(R"). See Definition 12.81 below. The significance of 
these spaces is that for particular choices of the parameters p, q, A, 9 and a, one obtains many classical 
function spaces. In particular. 


6-0,a-0,p-q,0<A< 1, 

Morrey space L^’'‘(R”) (441 

0 = 0, p = q,0 < A < 1, 

Morrey type space L^’y(R") (191 

a = A = 0, 9 < p,q < oo. 

Herz spaces (^ 

O' = 0, T > 0, 0 € R, 0 < p, ^ < oo. 

Morrey-Herz spaces MKp^ (21 [151 


In Section[3l let T be one of the Schrodinger type operators V(-A -i- V) ' V, V(-A -i- V) and (-A -i- 
y)-i/2v With the help of the -boundedness of T, it is easy to verify that T is bounded on ^(R”). 

2010 Mathematics Subject Classification. Primary 42B35, 42B20. 
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For b e BMO(W'), we can also obtain the boundedness of the commutator [b, T] on ^See 

Theorem 13.21 For G = 0, p - q and 0 < T < 1, ^(R”) becomes the spaces L^’y(R") introduced 

by Tang-Dong |[T9l . Hence, the results are generalizations of |[T9l Theorems 1 & 2], 

In recent years, the fractional integral operator = (-A -i- V)~" has been studied extensively. We 
refer to Duong-Yan lU, Jiang ||3, Tang-Dong lfT9ll and Yang-Yang-Zhou EOl for details. Suppose that 
F € 5 > f. For 0 < yS 2 < y 6 i < |, let 

iTpubi =■ F^H-A + F)-^*, 

(-A + Fr/^'F/'F 

Sugano ifTSll obtained the weighted estimates for 0 < >62 < ySi < 1. If P 2 - 0, we can see 

that - Ip^. So Tp^p^ and can be seen as generalizations of la- Moreover, for {^ 1 ,^ 2 ) - (F 1) 
and (1/2,1/2), T* ^ = (-A - 1 - F)“'F and r *^2 1/2 “ F)“^^^F'^^, respectively, which are studied by 

Shen ifT^ thoroughly. In Section|4j assume that 1 < pi < 00 , 1 < p 2 < SIP 2 and 1 < g < 00 . If the index 
{q,Pi,P 2 , d, a, B) satisfies: 

1/P2 ^ 1/Fi -2(/Ji -P2)ln, 

■ a € (- 00 , 0 ] & d € ( 0 , n), 

Ajq - llpi + 2/3i/n < 6 < Ajq -I- 1 - 1 /pi, 

we prove that Tp^p^ is bounded from to L^^g^yCK"). Specially, we know that (-A - 1 - F)“^F and 

(-A + are bounded on L^’g’y(R”). See Theorems 14. 7 1 & |4^ for the details. 

In the research of harmonic analysis and partial differential equations, the commutators play an im¬ 
portant role. If r is a Calderon-Zygmund operator, b € BMO(R”), the -boundedness of \b, T] was 
first discovered by Coifman-Rochberg-Weiss 121. Later, Strdmberg [4] gave a simple proof, adopting 
the idea of relating commutators with the sharp maximal operator of Fefferman and Stein. In 2008, 
Guo-Li-Peng f?! introduced a condition H{m) and obtained that -boundedness of the commutator of 
Riesz transforms associated with L, where b e BMO(W). For further information, we refer to Liu ifTTl . 
Liu-Huang-Dong |[T2l . Liu-Wang-Dong |[T3l . Yang-Yang-Zhou EH and the references therein. 

In Section [5l by the boundedness of /„ and (-A - 1 - we can deduce that the commutators 

[b, 7 / 3 ,,^ 82 ] and [b, are bounded from L^*(R”) to See Theorem 15.II Theorem 15.11 together 

with Lemmas [ 4.1 l & iyTl can be used to prove that the commutators [b, Tp^p^] and [b, T*^ are bounded 

from L^^gy{W) to L^^gyiW^), respectively. See Theorems 15.21 & [531 

Remark 1.1. Unlike the setting of the Lebesgue spaces, it is well-known that the dual of L^’'^(R”) is 
not LP ’“'*(R"). Hence, after obtaining Theorem 14.71 we can not deduce Theorem 14.81 via the method of 
duality used by Guo-Li-Peng Q. 


2. Preliminaries 

2.1. Schrodinger operator and the auxiliary function. In this paper, we consider the Schrddinger 
differential operator L = -A - 1 - F on R”, n > 3, where F is a nonnegative potential belonging to the 
reverse Holder class Bs, s > ^, whch is defined as follows. 

Definition 2 . 1 . Let F be a nonnegative function. 

(i) We say F € Bs, s > 1, if there exists C > 0 such that for every ball B c R", the reverse Holder 
inequality 

feX‘"H" ‘'H 


holds. 
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(ii) We say V € Boo if there exists a constant C such that for every ball B c R”, 

iiviil»(b)= 4 r 

l-ol Jb 

Remark 2.2. Assume V € 1 < s < oo. Then V(y)dy is a doubling measure. Namely, there exists a 

constant Cq such that for any r > 0 and y e R”, 

(2.1) r V(y)dy<Co f V(y)dy. 

JB(x,2r) JB(x,r) 

Definition 2.3. (Shen HU) For x e R", the function mv{x) is defined as 

-:sup|r>0: ^ r V(y)dy<l\. 

mv{x) [ f' ^ JB(x,r) ] 

Remark 2.4. The function my reflects the scale of V essentially, but behaves better. It is deeply studied in 
Shen |[T^ and play a crucial role in our proof. We list a property of my which will be used in the sequel 
and refer the reader to Guo-Li-Peng [71 for the details. 

We state some notations and properties of my. 

Lemma 2.5. ([T6l Lemma 1.4]) Suppose that V e B^ with 5 > |. Then there exist positive constants C 
and ki) such that 

(a) if\x -y\< my(x) ~ my(y); 

(b) my(y) < (1 + |x - ylmy(x))^°my(x); 

(c) my(y) > Cmy(x)/{1 + \x - y\my{x)pl^^^*^K 

Lemma 2.6. ( 11161 Lemma 1.2]) Suppose that V € B^, > §■ There exists a constant C such that for 

0 < r < R < oo, 

r V(y)r/y < ^ f V(y)dy. 

d' ^ JB(x,r) 

Lemma 2.7. ([71 Lemma 2.3]) Suppose V € B^, s > ^. Then for any N > log 2 Co + 1, there exists a 
constant Csf such that for any x e R" and r > 0, 

-i^ ( V(y)dy <CNr"-^. 

(1 + rmy{x))^ JBix.r) 

2.2. Generalized Morrey spaces associated with L. Suppose that V e B^, s > 1. Let L - -A + F be 
the Schrddinger operator. Now we introduce a class of generalized Morrey spaces associated with L. For 
k €Z, let Eli = B{xo,2^r)\B(xo,2^~^r) wt\Axk be the characteristic function of E^. 


Definition 2.8. Suppose that V € Bs, 5 > 1. Let p e [1, +oo), q e [1, +oo), a e (-oo, +oo) and A e (0, n), 
9 e (- 00 , +CX3). For / e L^^^(R"), we say / € g’^(R") provided that 


jP-riA, 


I") 


sup 

B(xo,r)cR" 


(1 + rmv{xo))° 

r-An 


£ lEkf^^WXkfW 


< oo, 


k=-oo 


where B(xo, r) denotes a ball centered at xq and with radius r. 


Proposition 2.9. 

(i) Eorai > a 2 , £ L^f;^^(R"); 

(ii) If9 = 0, p = qanda <0, LP’\W') c L^’^’J(R”); 

(iii) //6» = 0, p = qanda>0, L^fgyiW) c LP’\r"). 
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2.3. Calderon-Zygmund operators. We say that an operator T taking C“(R”) into is called a 

Calderon-Zygmund operator if 

(a) T extends to a bounded linear operator on L^(l.”); 

(b) There exists a kernel K such that for every / e L'^^(]R"); 

Tf{x) = f K(x,y)f(y)dy a.e. on { supp ff, 

(c) The kernel K{x,y) satisfies the Calderon-Zygmund estimate 

\K{x + h,y)- K{x,y)\ + \K{x,y + ft) - K{x,y)\ < , 

\x - yr*° 

for x,y eW, \h\ < and for some d > 0. 

Shen ifT^ obtained the following result. 

Theorem 2 . 10 . ifT^ Theorem 0.8]) Suppose V e Then 

v(-A -L vy^v, v(-A -L vy^ and (-A -t vyh 

are Calderon-Zygmund operators. 

Corollary 2 . 11 . Suppose that V € and b € BM(R”). The commutator \b, T] is bounded on L^’(R”). 


In paiticular, let K denote the kernel of one of the above operators. Then K satisfies fhe following 
estimate: 

Cn 1 


( 2 . 2 ) 


\K{x,y)\ < 


(1-H I x-y I mv{x)y \x-y\" 

for any € N. See (6.5) of Shen ifT^ for the details. 

Suppose T e for 5 > |. Let L = -A -t V. The semigroup generated by L is defined as: 


(2.3) 


TJ(x) - e-^^f(x) = I Kt{x,y)f{y)dy,f € L"(R”), t > 0, 




2/y^n\ 


where Kt is fhe kernel of e 

Lemma 2.12. fjlSll Let Kt{x,y) be as in d2.3l) . For every nonnegative integer k, there is a constant Ck 
such that 

0 < Kt{x,y) < Ckt~i exp(-| x-y |^/50(1 + ^tmv{x) + ^t mv(y)y^. 


Some notations.Throughouf the paper, c and C will denote unspecified positive consfanfs, possibly dif- 
ferenf af each occurence. The consfants are independence of fhe funcfions. U w V represents that there 
is a constant c > 0 such that < U < cV whose right inequality is also written as U < V. Similarly, 
if V > cU, we denote V > U. 


3. Riesz transforms and the commutators on (l(R”) 

Throughout this paper, for p € (l,oo), denote by p' the conjugate of p, that is, ^ -i- ^ = 1. Let 
V e B„. In this section, we assume that T is one of the Schrodinger type operators V(-A -i- L)“'V, 
V(-A -I- Vy^^^ and (-A -i- Vy^^^V. We study the boundedness on L^’g^(R") of T and its commutator 
\b, T] with b e BMO(R"). The bounded mean oscillation space BMC?(R") is defined as follows. 





GENERALIZED MORREY SPACES 


5 


Definition 3.1. A locally integrable function b is said to belong to if 

\\ b\\BMO =■ sup 74 f lb ( x ) - bsldx < 00 , 
e \o\ Jb 

where the supremum is taken over all balls B in M.”. Here - |^ jg b { x)dx stands for the mean value of 
b over the ball B and |B| means the measure of B. 

We first prove that T is bounded on 

Theorem 3.2. Suppose that a e (- 00 ,0], A e (0, n) and l<q<oo. Ifl<p<oo,A-i< 0 <A + i-L^ 
then the operators T are bounded on 

Proof. For any ball B{xq, r), write 


00 00 

f(y) = Yu = Y 

j=-oo j=-oo 

where Ej = B{xo, 2h)\B{xQ, 2^“V). Hence, we have 


(1 + rniyixoWr^'^ £ \Ekf‘i\\xkTf\\ 


k=—oo 


LP{V) 


k-2 


< 


(1 + rmv(vo))“r-"” lE.f^ Y WXkTfjWu’iR^ 




k=-oo yj=-oo 

0 t'+i 


k=—oo 

0 




+(1 + rmy(vo))"r Y l^kf^ Y ^^AtkTfjWtpm 

vM-i y 

00 

+(1+rmy(vo)rr-^" \Euf^ Y WXkTfjhmn) 

k=-oo \j=k+2 

^ Ai +A 2 +A 3 . 


For A 2 , by Theorem l2.101 we have 


tr+l 




A 2 < (1 + rmv(xo)rr-^’^ Y Z 

k=-oo \j=k-l , 

0 tr+l 

(l+rmy(vo)rr-'^” \Ekf‘^ .2: II/;'IIlp(R") 

k=-oo \j=k-l 

II rii^ 


< 


< 


a,e,V 
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We first estimate the term E\. Note that if x e Ek, y e Ej and j < k - 2, then |y - 3 ^| ~ 2^r. By Lemma 
[23] and (IZII) . we can get 


WXkT fj\\LP{R") ^ 


J'/ 

JEt Jr 


Et Jr" (1+U-y I my(A))^|A-yp 


:\fj(y)\dy \P dx 


< 


< 


1 


(1 + 2^rmy{xQ))’^ (2^r)” 

1 


I^lI" r \fiy)\dy 

JEi 


(1 + 2^rmy{xQ))’^ 


\Ek\^-\Ej\7n^ \f{y)\Pdy\ , 


where - + 4 = t- Since < 0 < (1 - we obtain 

p p p q ^ p' q 


A, < (l+™v(A„))V-'" 2 |£/«[2 


k=—oo 

0 




(1 + 2*rmy(Ao))^^*'>+i 


< 




k=-oo 


(1 + 2^rmy{XQ))^^^^'^^ 
^ i\q 


x(2V)f ®(1 + 2VmyUo))^(2V)-T(|£/‘?|[;^^/||^,,^j^„p5)' 


k-2 


< (1 + rmy(Ao)rr-''” J] J] 2"-^\Ekf-l\E 




t-0 


k=—oo \}=-oo 

0 k-2 


II 7 P<(lA /'H3>o'\ 


< (1 + rmyixo)rr-'^^ J] J] 2^^ 


k=-oo 




-k)n{l-j; + l-0) 


\J=-° 




< 


Cflv(R")’ 


For A 3 , we can see that when a € E^, y e Ej, then \x-y\ ~ 2h for j > k + 2. Similar to , we have 


\WkT fj\\LP{Rn) 


1 


(1 + 2frmy(Yo))^/^o+' {VrY 


lEkli' f lf(y)ldy 

JEi 


1 


(1 + 2jrmy(xo)y^^°'''^ (2-^r)' 

1 


^ \Ek\^\Ej\EU^\f(y)\Pdy 




(1 + 2hmy{xQ)yi^'^'^^ 
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Since ^ ^ < (1 ~ ^) + ^> choosing N large enough, we obtain 


A 3 < (1 + rmv(Ao))“r-'^" £ \Ekf‘! £ 


k=-oo 

0 


\j=k+2 


\Ek\'’\Ej\ I’lWjfWu’iR") 

(1 + 




< (1 + rmy(Ao))“r-'^" \Euf^[ 


k=-oo 


J=k+2 

An 


(1 +2Jrmv(xo))-H2Jr)TlEjr 

(1 + 2hmv{xQ))^l^*^ 


+ 2Vmy(Ao))f (2V)-f 


iW 


0 ^00 

< (1 + rmy(Ao)rr-'^" 2] 

k=-oo \j=k+2 

ni? 




7 p.?.-! / 


t") 


< 




Let - [-f + l](^o + 1). Finally, ||r/|U,,,. 


a,e,F''- 




. This completes the proof of Theorem 


Suppose that b e BMO(R”) and V e B„. Let T be one of the Schrodinger type operators V(-A+L) ^ V, 
V(-A + L)“F2 and (-A + L)“F2v. The commutator \b, T] is defined as 


[b,T^f ^bT{f)-T{bf). 

Theorem 3.3. Suppose that V € B„ and b e BMO(W). Let \ <p<oo, \ <q<oo, a€ (-oo,0],/l e 
(0, n). If the index {p, q, 0, A) satisfies + then 

\\[b,T]f\\^n,J < C\\f\\^n,j\\b\\BMO. 

a.S.V a.S.V 

Proof. For any ball B = B{xq, r), we can get 


f(y) = f(y)XEj(y) = Y 


j=-oo 


j=-oo 


where Ej - B{xq, 2tr)\B{xo, 2^ V). Hence, we have 


(l+rmy(xo)rr-^” £ \Euf‘t\\^kVb,Tm 


<1 

Z/(R") 


k=—oo 
0 


k-2 

< (1 + rmy(Yo)f lEtf^i Y \\Xk[b,T]fj\\Ln^^..) 

k=-oo \j=-oo 

0 k+l \‘t 

+(1 + rmv(xo)rr-'‘" lE^f^t \\xk[b,T]fj\\u,(^n^ 


k=-oo \j=k-l 

0 f 00 




+{l+rmv{xo)rr-^'’ Y \Ekf‘‘ Y 

l7=^+2 


k=-oo 


=! Bi + B 2 + B^. 
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For B 2 , by Corollary 12. 11 1 we have 


0 k+\ 

B 2 < + l|[^, F]/,||l.(r») 

k=-oo \j=k-\ 

0 L+l 

< (1 + rmy(Ao))“r-'^” \Ekf^ ll/,-||L.(r) 


k=-oo 


\j=k-l 


\MImo 


a 1/ 


Denote by ^ 2 *^ the mean value of b on the ball 6 (^ 0 ^ 2^r). For Bi, by Lemma [231 and (12.21 ). we have 


1 


< 


< 


1 


(1 + 2^rniy(vo))^^^°’''t (2^r)” 

1 


fjL lb(x) - b(y)Hf(y)ldyydx 


M. 


\b{x)-b 2 krfdx)‘’ \f(y)\dy 




(1 + 2Vmv(vo))W<^o+i (2kr)n L 
+\EkVp r \b{y)-b 2 kr\\f(y)\dy\ 

+\Ek\hfj\\Lpm( f \b{y)-b 2 k/dxY] 
JEj 

1 1^/“^ 

^ (1 + 2VmvW)'"*"-' ■ ■')“A 


where in the third inequality, we have used John-Nirenberg’s inequality (IH). Since -^ + 2 < 0 < 
(1 - 2 ) + 2 , we obtain 


Bx < 


(1 + rmy(xo))° 
y.Af1 


( k-2 


Xiat’ z 


k=—oo 


l_i VI 


\j=-oo 


(k - j)\\fj\\D’{R") \Ej\ P 

(1 + 2^rmy{xQ))^l^o+\ 


ll^ll 


BMO 


(1 + rmv(vo))" ir-leot ^ (1 + 2'^rniy(vo)) 


y.An 


Z z 

k=—oo j=—oo 


(1 + 2^miy{xo))^/^o+^ 


1 — — 

r — I ^ / I ^ 1 ^ n 

x{k-j)i2W)^\Ej\-^^—] 


(1 + rmy{xo))° 

y-An 


f k-2 


k=-oo 




2 ] \Ek\^ Y,ik- 7)2' 


(L-7M0-|+i-i) 


\j=-°° 


\\f\\YJb\\%o 

a,e,V 
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For B 3 , similar to B\, we have 

\\Xk\b, F]/,'||lp(R") 


< 


(1 + (2-tr)” (I'X 

<1 + 2irL,L)fl‘x-' iai’l£,r’ll/;llL..(M-)lli>ll««o^ 


\{b{x) - biy))fiy)\dy \p dx 


Since + | choosing N large enough, we obtain 


B 3 < (1 + rmv{xo)rr-^" £ £ 


k=—oo 

0 


J-k+2 


\Ek\’’ \Ej\ p U - ^)||/y||z/(R") 
(1 + 2-trmy(xo))^^^°'^' 




< (1 + rmvixoWr-^^ 


• An n I 1 1 

xU-k){2Jr)T\Ej\-<^\Ek\p\Ejrp] 


k=-oo j=k+2 


(1 + 2->rmv{xo)) « 

(1 + 2jrmy{xo))^/^°'*'^ 


\\b\n 


r /•pn'v^^ ''BMO 




< (1 + rmv{xo))“r 


k=-oo 

^ \\f\\U.,J\b\\lMO- 

Let = [-| + l](^o + 1)- We finally get 


2] \Ek\^ 2] 2^^-^' 

\j=k+2 




? ll^iF 

L'’'l’i{R"y ''BMO 


ll[^» ^ ll^ll /]ran'jll^llz?3rO‘ 




□ 


4. SCHRODINGER TYPE OPERATORS ON 

a,0,V^ ' 


Let L = -A + F be the Schrodinger operator, where F € 5 > n/2. For 0 < yS < |, the fractional 

integral operator associated with L is defined by 

r>oo 

E-\f\x)^ e-Hf){x)1^~'dt. 

Jo 

Denofe by Kp{x, y) fhe kernel of L~^. By Lemma l2.121 Bui lUl obfained fhe following poinfwise esfimafe. 
Lemma 4.1. (HI Proposifion 3.3]) Let 0 < yS < |. EorN € N, there is a constant Cn such that 


poo 

(4.1) Kp{x,y)= I Kt{x,y)tP~'^dt < 

Jo 


C 


N 


(1+ I X - y I my(x))^ \x - y|” ’ 


where Kf{-, •) is the kernel of the semigroup e 


-tL 


Definition 4.2. Lef / e L^^^(R"). Denofe by |B| fhe Lebesgue measure of fhe ball B c ^ 
Hardy-Lifflewood maximal funclion Mo-,y is defined by 


The fracfional 


Ma,yf{x) ^ sup 


F?X 


\f(y)Vdy 


Lemma 4.3. (13) Suppose I <y < Pi < ^ and ^ ~ Then 


xeB\\BV 
and-^-- 
\\ M ( T , yf \\ m { R '’) < II/IIlpicr")- 
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As a generalization of the fractional integral associated with L, the operators V'^-(-A + , 0 < /32 < 

ySi < 1, have been studied by Sugano ifTSll systematically. Applying the method of Sugano ifTSll together 
with Lemma im we can obtain the following result for + V)~^',0 < P 2 ^ Pi ^ n/2. We omit the 

proof. 


Theorem 4.4. Suppose that V € Boo- Let \ < Pi < P\ < \- Then 

+ V)-P^f{x)\ < M 208 ,-/!,),l/w. 


In a similar way, by (14.1b . we can get the following estimate for the operators (-A + V) 0 < 

Pi<Pi<l 

Theorem 4.5. Suppose that V € B^for 5 > |. Let 0 < Pi < Pi < ^. Then 

|(_A + V)-P\VP^-f){x)\ < 

where (^)' is the conjugate 

Proof. Let r - \lmv{x). By Lemma I4~T] and Holder’s inequality, we have 


\{-^ + V)-^^vHx)f{x)\ 

^ ^ n 11 

~ Zi TVTTk - r nk 

k^oo J2k-h<\x-y\<2'‘r (1 + 2<^rmy(xo))^ (2'=r)” 


z 

k=-oo 


(2krfh2 I 1 r 

(TTW l(^ Jb(.,2L) 


hi 


V{y)dy\ M2(^,_^2),(;^)'(/)W- 


For k>l, because V(y)dy is a doubling measure, we have 


k^\2 


(2V) 


r V(y)dy < eg. 2(2-)^^ f ' 

JB(x,2>‘r) r dB{x,r) 


(ifrY JB(x,2'^r) 

< 

where ko = 2 - n + log 2 Cq. For k <0, Lemma fL6\ implies that 

(2^)2 


V(y)dy 


-f 

r Jb(. 


0r)" dBixpl’r) 

Taking N large enough, we get 


V(y)dy < 


'’2V^ e JB(x,r) 


V(y)dy 


< (2^) 


k\2-^ 


|(_A + V)-/^'V^^fix)\ < 


□ 


By Theorem 14. 5 1 and the duality, we can obtain 
Corollary 4.6. Suppose V € Bsfor s > j. 

(1) 7/1 < <pi< 2 ^^ and j-^=j^- then 

||(-A + F)"^‘F^VIIl'’2(R") < II/IIlpicr"), 

where ^ + (^)' = 1. 

(2) If\<pi<j^andj^ = j-^- then 

||F^^(-A + V) ^‘/||l'’2(R") < ||/||lpi(R"). 
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Theorem 4.7. Suppose that V € Bs, s > a € (- 00 ,0], A € (0, n). Let l<^<oo, l</32<ySi<| and 
\ <P2<T with ^ i ifA_± + ML<o<l + i_±then 

‘ ^ hi Pi Pl n ■> q Pi n q pi’ 


\WH-^ + vy^^fw,,,,.. 


^ lu WjPi - i -' 
a.e.V a,e,V 


Proof. For any ball B{xq, r), write 


/Cv) = Yj = 


j=-oo 


/=—00 


where Ei = B{xQ,2y)\B{xQ,2^ V). Hence, we have 


IIL'’2(R'') 


(1 + rmv{xo)Tr-'^^ ^ 

k=~oo 

0 k-2 

< (1 + rmy(Ao))“r-^" {Ekf^ ^ + VT^'fjWv’mn 


k=-oo \j=-oo 

0 k+l 


^9 


+(1 + rmv{xo)rr-^'’ ^ Z + '^)“^‘/illL'>2(R") 


k=-oo \j=k-i 

0 f cxy 




+(1 + rmv(Ao))“r-^" lE^f^ ^ + Vy^'fjhpiiw^ 

k=-oo \j=k+2 

- M\ + M 2 + M 3 . 

We first estimate M 2 . For 1 < p 2 < ^, by (2) of Corollary 14.61 we can get 

0 k+\ 


M 2 < 


(1 + rmv{xo)y 


t^An 


k=-oo \j=k-l 


''tPi>qA‘ 
a 1/ 


Now we deal with the terms Mi and M 3 . We choose N large enough such that 

(N/ko + 1) - (log 2 Co + 1)j 32 + alq>0 

and take a positive Ni < (NIko + 1) - (log 2 Co + l)y 62 - For Mi, note that if a € E^, y e Ej and j < k - 2, 
then \x -y\ ~ 2^r. By Lemmas |4. 1 1 & IZTl we use Holder’s inequality to obtain 


WXkV^^i-^ + V) ^‘//i|LP2(R") 


< 


1 


1 


f(y)dy r dx 


< 


yw L (1+ I ^ I m,,(x))^ \x - >’1'' 

2V„,(2V)U. I 


P2 


(1 + 


< 


|c/-D \Eu\n 


1 


< 


(1 + 2krmy{xQ))^Iko^^ (2^r)” 

1 


ll//■||z/n(R«) 


if/ ^^\Ek\n 


■WfM 


\Ei\ fc, 

'Mihf,. 


Vixfdx 


Pl 


V{x)dx 


(1 + 2krmvixo))^iko+i (2*^r)” ^ 

~ (1 + 2Mmy(Ao))^‘ (2V)«-2 /^i+2/J2'^^''’" 


hi 
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where f - -J- - Since ^-f + ^<0<^ + l-if>we obtain 


Pi P2 


q Pi n 


Pi 


Ml < (1 + rmv{xo)rr-^" ^ \E,f^ 


k=—oo 


k-1 


\‘l 


< 


(1 + iMmvixo))^' (2V)"-2/Ji +2/32 \\fj\y^ (R") 

0 

(1 + rmy(Yo))“r-'^” 

k=-oo 

( k-2 ,, . ^ ,-e 


X 


z 

V2=-« 


(1 + 2hmv{xo))~ {Vr) ^ \Ej\- i 

(1 + l^rmvixo))^' ^ky-y-ipi+ip^ J 


jPlXq 


< {\ + rmv{xQ)fr 


0 k-2 

Z Z 

k=-oo yj=-oo 




U-k)n{j;-g-^+l) 


PlXq 

a,v,9 


< 


jPlXq- 

ff,v,0 


For M 3 , note that when y e Ek, y e Ej and j > k + 2, then \x-y\ ~ 2h. Similar to E\, we have 
WXkV^^i-E + F)"^‘/;ilL'’2(R") 


< 


< 


(1 + 2-3rniy(Ao))‘^^^' 

1 




2Pl 1 1 2/12 


(1 + 2^rmy(vo))^‘ ^ ^ ^ ^ 


where ^ ^ Since i-± + ^<0<d + l-±,we obtain 


A i .Wl 


Pi P2 


q Pi n q 

0 


Pi ■ 


M 3 < (1 + rmy(xo))“r-^" J] |£,|®^ 


k=-oo 


Z 


1 


(1 + 23rmy(vo))^‘ 
0 


2^__l_ 1 iPl 

\Ej\'' '’^\Ek\n " ll/yllmcR") 




< 


J-k+2 

(1 + rmy(vo))“r-^" J] |£,|''^ 


X 


Z 

l;=^+2 


k=-oo 

_a . An „ 1 _^2 

(1 + 2Jrmv{xo)) ‘i{Vr) 1 \Ej\~^ {Ekl’’^ 


(1 + 23r/My(Ao))^‘ 
0 


\Ej\ " "1 


< (1 + rmvixo)fr 


Z Z 2' 

\j-k+2 


k=-oo 






jPl.qA 


< 


jPl.qA- 


Choosing N large enough, we obtain 


iiv^2(-a + Fr^'/ii P2..P < 


a,ey 


jP\iq^A. 






















GENERALIZED MORREY SPACES 


13 


Theorem 4.8. Suppose that V € Bs, s > a € (- 00 ,0], A € (0, n) and I < q < 00 . Let 0 < fS 2 < Pi < 

1 _ 1 2 /? 1 - 2/32 If A ^ ^ a ^ ^ 


i-j 82 


< Pi < 


with ^ = //i-i< 0 <i-± + l-iei, then 

2/3i-2/32 P2 Pi n ■' q P2 q P2 n ’ 


-A +P2...^ <ii/iu...D 

a 1/ o 1/ 


Proof. For any ball B{xd, r), let E: - B{xo, 2->r)\B{xo, 2^ V). We can decompose / as follows. 


'a.S.V 

hU 


f(y) = ^ f(y)XE,(y) = 


j=-oo 


/=—00 


Similar to the proof of Theorem l4.71 we have 


(1 + rmv(xo)rr-^" £ \E,f‘!\\xki-/^ + 


A 

L''2(R'>) 


k=-oo 
0 


< (1 + rmv(Ao)rr-''” \Ekf‘i F^V,-||L.2(r 


k-2 




k=—oo \j=-oo 

0 it+l 


+C(1 + rmyCvorr-^" \Ekf‘^ \\Xk{-A + 




dlL'’2(R") 


k=—oo \j=k—l 

0 t 




+C(1 + rmv(Yo)rr-''” \Ekf^ IUr^(-A + F)-^‘F^2/y||LP2(r) 

k=-oo \j=k+2 

= Li + L 2 + L 3 . 


For L 2 , because 1 < < Pi < 2 pi-p 2 ’ Corollary 14.61 to obtain 


L 2 < 


(1 + rmv{xQ)Y 


^An 



f 

a,d,V 


For Li, we can see that if x € Ek and y € Ej, then \x -y\ ~ 2^r for 7 < ^ - 2. By Holder’s inequality 
and the fact that V e B^, we deduce from Lemmas [4.1l & 1X7] that 


IUrit(-A + F)-^‘F^V/llf 


< 


1 lEkl^ 


< 


< 




(1 + 2*rmy(Ao))^Ao+i (2*r)” 

_ 1 _ lEkl^ 

(1 + 2'^miv{xo))^l'^o+i 0rY-2Pi '"J 

1 _ \Ek\^^ 

(1 + 2^miv{xo))^^ (2^jry-2Pi 


f V(xf^ 

Je, 


lf(y)ldy 








2/32 
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where ^ ^ and N 2 < {N/ko + 1) - (log 2 Cq + l)/ 32 . Since ^-^< 6 '<^-^ + l-^,we 

obtain 


L^ < 


(1 + rmy{xo)rr-^" £ 


k=-oo 


k-2 

z 

\j=-oo 


1 


(1 + 2^rniy(Ao))^2 (2^r)”“2/3i 


-L \‘i 


< 


(1 + rmv{xo)rr-^" £ 


k=-oo 


k-2 

z 


■ e.r. 


\J= 


(1 + 2Jrmv(xo)) « (2-^r) ^ If’yl |£'i:|''2 l^jl 

(1 + 2^nny(Ao))^2 ^2^f^n-2Pi (2tV)2/32 


, PI.-1,9 


< (1 + r/ny(Ao))“r-^" 2 


' ^_2 


I:=-oo V7=-“ 


,p1.2,9 

a.e.V 


< 


jPl.lX- 

a.V.e 


For L 3 , note that when a € Ek, y € Ej and j >k + 2, then \x-y\ ~ 2h. Similar to E\, we have 
\\Xk{-E + V)-l^'V^^-fj\\% 


'dlL'' 2 (R«) 


< 


1 


\EkV^ 


(1 + 2}rmv{xQ))^l^'^^^ (2^)’^ 


f V{xf^ 

JE: 


\f(y)\dy 


< 


1 




(1 + 2Jrmv{xo))^^ {2irY 

where ^ and N 2 < (Nlko + 1) - (log2 Cq + l)yS2. Since j - < 8 < i - i; + ^ 


P 2 Pi 

we obtain 


<1 Pi 


L3 < (1 + rmv{xo)rr-^” ^ \Euf‘^ 


k=-oo 


X 


z 


< 


< 


._ „ (1 + 2.'rmy(xo))^2 (2hY ^P' 

\j—k+2 

0 f 00 

(1 + rmv{xo)rr-^" ^ ^ 2' 

k=-oo \j=k+2 


J- Y 

|£'t|P2 ,__L . 


^9 






11 '^ 

"xPi.p.r' 

2-'^ a 1/ 


Let large enough. We finally get ||(-A + V) P' VP^f\\ P 2 ^x < 


,p 1 . 9 . 2 . 


5. Boundedness of the commutators on 

In this section, let b € BMO(]R”). We consider the boundedness of commutators \b, (-A + V)~P^ VP^ 
and its duality on the generalized Morrey spaces ^(R"). For this purpose, we prove the commutator 
[b, {-EyP^P^Y is bounded from LP' (R") to LP'^(EP). For sake of simplicity, we denote by A 2 i> the mean 
value of b on the ball B{xq, 2^r). 
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Theorem 5.1. Suppose that V e s > 

(i) IfO<p2<Pl<hl^,<P^< 


f and b e BMO{R"). 


n 1 

2 / 3 i - 2/32 ’ P2 


Pi 


2/3|-2fe 

n 


, then 


\b, (-A + 


Z/’2(R") 


^ II/IIl'’i(R")II^IIbmo- 


(ii) Ifl<p 2 <f;_andj^ = j^- then 


\\[b, V^^{-/S + V) ^']/||L'’2(Rn) < II/IIlp^r"). 

Proof. We only prove (i). (ii) can be obtained by duality. Because (52 < /?i, we can decompose the 
operator (-A + V)~^' as 


(-A + - (-A + 


Denote by hi and the operators (-A + Vf- and (-A + V) respectively. Then we can get 

[b, (-A + Vr>^^V>^^]f{x) 

= [b, (-A + + Vyf^Wf^^]f{x) 

= bL^^-P^TpJ{x) - Ll^^-f^'Tpfbf){x) 

= bLl^^--P^TpJ{x) - L^^-P\bTpJ{x)) + L^^-l^\bTpJ{x)) - LP^--^^Tpfbf){x) 

= \b, L^^-P^]TpJ{x) + [b, Tpyf{x). 


By (1) of Corollary 14.61 we can get 

||[(i, (-A + 


< 


Z/2(Rn) 


\[b, L^^-^‘]7>2/ 


+ 


^ P> 2 / + 

II LPlCR") 

^ II/IIlpi(R")- 


NLP2(R") 

[b^ tM 




LP2(R«) 


IZ/KR") 


This completes the proof. □ 

In the rest of this section, we prove the boundedness of the commutators [b, V^^(-A + and 

[b, (-A + V)“^' on L^~fy{R^), respectively. 

Theorem 5.2. Suppose that V€Bs, s>j, a€. (- 00 , 0], and A e (0, n). Let \ < q < 00 , l</32^/3i <| 
and\<p 2 <f; with ^ ^ ^/i - )^ + ^ < ^ < i + 1 - thenforbe BMO{R'’), 

\\[b, V^f-A + V)-^‘]/|U2,.„. < ||/||,.„<,,2 ||Zi||bmo. 

a,e,v a,e,v 

Proof. For any ball B{xq, r), we have 


00 00 

fiy) = ^ f(y)XEj(y) = ^ fj(y), 

j=-oo j=-oo 
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where Ej = B{xq, 2h)\B{xQ, 2^ V). Hence, we have 


il+rmv{xo)rr-^" £ + V)-^‘]/| 


k=—oo 
0 


111^2 (R") 


k-2 


< (1 + rmy(Yo)rr-'^" ^ 




k=-oo yj=-oo 

0 k+\ 


IIl'' 2 (R") 




Hl+rmvixo)rr-^" \E,f^ V^2(-A + 

k=-oo yj=k-l 

0 ^ oo 

+(1 + rmv(Yo)fr-''” \\Yk[b,Vl^^{-A + Vr^']fj\ 

k=-oo \j=k+2 

-: Di + D 2 + Dt,. 


IIL'’2(R") 


^9 


IZ/ 2 (R") 


For D 2 , by (ii) of Theorem 15.11 we have 


0 Jt+l 

D2 < {l+rmy{xo)rr-^’^ ll/;lbn(R.) 

Iy =<:-1 


k=-oo 


\\bf 


BMO 




^Q',e,V 


For Di, by Lemmas [2.7I & I4T1 we obtain 


IUr^[Z2, F^2(-A + F)-^‘]/,'||L.2(r) 

1 1 


< 


< 


(1 + 2^miy{xQ))^Ao+^ ( 2 *r)” 

1 


P2 j ''2 

dx 


f f V^^(xXb(x) - b(y))f(y)dy 

WEt JEj 

(1( 2 V)^[(X. £ If<ym 

( f VP^P\x)dxY^ f \b{y) - Z 22 *.ll/(y)| 6 fy] 

J Ek JEj 


(1 + 
+' 


< 


JEk 

II^IIbmo 


b-j 


_L_2fe 1 --!- 


(1 + 2^rmy{xo))^' ( 2 ^r)” 


|£'^|''2 " IL'yl PI ||/,-||lP1(R«), 
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where ^ ^ and Ni < {N/ko + 1) - (log 2 Cq + l)/ 32 . Since ^-^ + ^<0<f + l-^,we 

obtain 


D^ < 


\\b\\%oi\ + rmv{xo)rr-'^ ^ \Ekf^ 


k=-oo 


k-2 

1 k ~ ] _L_B^ 1 - — 

V;So + 2hmv{xo))^^ {l^ry-Vi 


< 


II^II^MoCl + rmvixo)rr-^'^ £ 


k=-oo 


k-2 

z 

V7=-oo 


iiImo 


1 _ 2 /J 2 


(1 + Vrnivixo))- {Vr) ^ \EkVE 

-1 


(1 + 2*'rmi/(Ao))^‘ (2*^r)” 2/Ji 


■(^ - i) 


, PI.■7,-1 


(1 + rmv{xo)f 

„An 


k-2 


\‘l 


i£,r* 2 ] (^ - 7)2^''- 

k=-oo 




\J=-oo 


,P1,9.-I 


^ ii/ii"p.„-.ii^iiLo- 

a,e,V 


For Da, because ^ ~ ^ and A^i < (A^/^o + 1) - (loga Co + l)yS 2 , we have 

\Wk[b, F^^(-A + Fr^‘]/;||L^2(R») 

1 


(1 + 2^rmv{xQ))^l^°'^^ (iJr)" 


^U'X V(xf^(b(x) - b(y))f(y)dyf^dx 


< 


j-k 


>Ek 

Wl 1 1 2/32 


— - — ----^|Dy| " Pi\Ek\'’2 " ||A||BMoll/yllLPl(R"), 

(1 + 2Jrmv{xo)r' 


where we have used the fact that \x-y\ ~ 2h for v € E^, y e D/ and j > k + 2. Since ^ ~ ^ ^ < b < 

+ 1 —we obtain 

Pi 


Da < (1 + rmy(vo))"r-''" £ 


k=-oo 


X 


z 


j-k 


(1 + 2 frmy(xo))^' 


\Ej\ '■ '’i|D^|'’2 " I|A||bMoII/;'IIl'’i(R'') 




< 


J-k+2 

0 

II^II^Mo(l + J] ID.r'? 


X 


z 

7=«:+2 


k=-oo 

. _a . An ^ 1 ^^2 

(1 + Vrmv{xo)) ‘i{Vr) ‘i \Ej\~^ \E/,\n " , 


(1 + 2Jrmv{xo))^i 

0 


2 Pl 

ID,-I " ■ 


—O' - 


7 Pi 7^7, 


~ rmv{xa)fr ^ ^ {j - k)i 

[j=k+2 


(k-jMe-l+-^+^) 




k=-oo 


^ 11/11^7,.-. II^IIPMO- 

a,S,V 


xPl^^vl 
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Let N large enough. Finally, we get 

||[Z 7 , + Vr^']f\\ , < \\f\\^,n..A\b\\BMO- 


a,e,V 


Theorem 5.3. Suppose that V & s > 'i and b € BMO(R”). Let a e (- 00 , 0], A € (0, n) and \ < q < 00 . 




,±^±- MlzMl + then 

2/3i-2/32 ’ P 2 Pi n ’ q p 2 Pi n ’ 


2 ’ .S-/S 2 

\b, (-A+ F)-^'F^2ly|| ^ < WfW 4b\\BMO- 

'■ ■' "Ke.v ■'.»Y 

Proof. Similarly, we can decompose / based on an arbitrary ball B{xq, r) as follows. 

00 00 

fiy) = Yu f(y)XEj(y) = Y 

j=-oo j=-oo 

where Ej = B{xo, 2h)\B{xt), 22“'r). Hence, we have 

0 

{\+rmy{xo)fr-^^ Y (-A + F)-^‘F^2]/| 


k=—oo 
0 


q 

Ln{«') 


k-2 


\q 


< (1 + rmv(Ao)rr-^*" \E,f‘i Y \\Yk[b, (-A + F)-^‘ 

k=~~oo \j=-oo 

0 k+l 

+{l + miv{xo)rr-^'^ Y \Ekf'‘ Y Ihl^’ (-A + F)-^‘ 


lL''2(Rn) 


/ 


k=-oo 

0 


\j=k-^ 
r 


IL'’ 2 (R") 


\q 


+(1 + rmy(Yo)rr-^" \Ekf‘^ Y \\xk[b, (-A + F)"^* F^^]/j 

k=-oo \j=k+2 

= Fi + F 2 + F^- 

Applying Theorem 15.11 we can get 

0 k+i 

\Ekf‘^ Y ll/;ilL'’i(M") 


IL'’2(R") 


E 2 ^ 


(1 + rmv{xo)y 


t-An 


k=~oo 


vy=*-i 




BMO 


a,e,V 


For E\, by Holder’s inequality and the fact that F € Bs, we apply Lemmas I4.1I & [Z7] to deduce that 
IUr^[Z2,(-A + Fr^'F^2]//||LP2(r) 


(1 + 


2 *™( 2 *.)U, (X. 11 /''« - r <'- 

" (1.2W.„))«^>'(2»r)U, [( X X 

+|£,|« r |Z7(y) - Z22..||F^^(y)/(y)|r/y] 

JEj 

q^ny)dyf'- 

k- j 


\Ek\'’^ \E/ I’l ||^||bM0||/;IIlpi(R") 


^ ll^llsMO 


(1 + 2^rmv{xo))^^ 


1 _ 1 Vi 

\Ek\”2 " '^1 " ||/;||l'>i(R"), 
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where ^ ^ and N 2 < {N/ko + 1) - (log 2 Cq + l)/ 32 . Since ^-^< 6 '<^-^ + l-^,we 

obtain 


F^ < 


+ rmv{xo)fr ^ \Ekf‘i 

k- j 


k=-oo 


X 


k-2 

Z 


\J=- 


(1 + 2^rmv{xo))^^ 


1 j .^1 _i i_ 1 




< 


+ rmv{xo)rr-^" £ 


k=~oo 


2 




/=—00 


(1 + 2^rmv{xo))^^ 


i__L_li 

l£^l " 2 “" 


^ 11 ; 11 '? (l+rmy(xo))" 

^ II^IIbmo- 


y-An 


^ II/II^,.„.II^IIbmo- 

a,e,v 


f k-2 

2 ] 2 ] (/: - 7)2' 

J=-°° 


a,e,V 

^9 




k=-oo 


\\U.x 

2-i„. o 1 / 


For F 3 , note that when a € F'j;, y € Ej and j > k + 2, then \x -y\ ~ 2h. Similar to F\, we have 

\\XkVb,{-^ + V)-P'VP^^fj\\v>2(M!^) 


1 


1 


(1 + 2irmvixo))^Fo+'^ (2ir)" 

j-k 


f I r (K-r) - b(y))V(yf^f(y)dy dx 
^JEk JE; 


(1 + 2-/rniy(Ao))^2 


|£'i|P 2 l^^'l P 2 \\fj\\LPl(Kn^\\b\\BMO, 


where — = — 

P 2 Pi 

obtain 


1 _ 1 2j3i-2fe 


and N2 < (N/ko + 1) - (log 2 Cq + l)/ 32 - Since f-i 7 < 6 '<^--^ + l-^,we 


A 1 


2y3i 


g P2 


9 P2 




IIZill^^^Cl + rmy{xo)fr-'^^ J 


k=-oo 

f 00 ■ —£ — 

(1 +22rmy(Ao)) ^ 

^£2 '' ' ' ^ )ll/illL'’i(R") 

0 f OQ 

(1 + r/7iy(Ao))“r-^*" 2] |F,r^ Y,U-k)2 

\j=k+2 




"BMO^ 




k=-oo 


^ \\f\tljKMO- 

a,e,V 

Let N large enough. We finally get 


||[f 2 ,(-A + < \\f\Wp.A\\b\\BMO- 


rPl.PA 

a.e.V 
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